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Einstein-Yang-Mills fields immune to quantum corrections
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Just recently, the class of all Einstein-Maxwell fields solving simultaneously also any higher-order
modification of the Eintein-Maxwell theory has been completely identified. In the present work, we
argue that, in view of our recent results on nonabelian gauge fields, analogous identification can be
in fact achieved for Einstein-Yang-Mills fields associated with any compact and semisimple gauge
group. In particular, any such solution consists of a V SI (vanishing scalar invariant) spacetime
metric and a V SI gauge field, both subject to a simple tensorial condition. Based on that, we are
able to provide explicit form of all such solutions and interpret them as gravitational and Yang-Mills
plane-fronted waves propagating in flat spacetime along the common recurrent wave vector. The
results have consequences also for theories with a richer field content, which is further illustrated on
10D heterotic supergravity.
I. INTRODUCTION & SUMMARY
Not long ago, certain pp-waves were the only metrics
known to be resistant to any higher-curvature modifica-
tions of the Einstein field equation [1–3], serving thus
as ”universal” exact solutions to any higher-order grav-
ity theory. That was until Gibbons et al. [4] noticed
that in the absence of matter fields, these pp-waves share
the universal property with a broader class of Ricci-flat
plane-fronted waves with a recurrent wave vector ℓ (i.e.
such that ∇µℓν ∝ ℓµℓν) and soon after, vacuum met-
rics with vanishing higher-order gravitational corrections
were found even beyond the recurrent class [5]. Since
then, electromagnetic fields exhibiting analogous univer-
sal property1 have also become a subject of a more sys-
tematical study [6–8]. Aforementioned works on univer-
sal spacetimes and electromagnetic fields subsequently
enabled a complete characterization of Einstein-Maxwell
fields immune to any higher-order corrections [9] and ini-
tiated effort to investigate situation in the territory of
nonabelian gauge fields.2
First steps in a more systematical analysis of univer-
sality in the context of nonabelian gauge theories were
made in [10] by investigation of gauge fields with van-
ishing scalar curvature invariants (V SI gauge fields, for
short) and Yang-Mills test fields immune to any higher-
curvature modification of the Yang-Mills equation.
In the present contribution, we wish to complete the
discussion of [10] by taking into account the spacetime
backreaction and draw some general conclusions based
on results of the previous works.
∗ kuchynkm@gmail.com
1 Form fields immune to higher-order modifications of their equa-
tions of motion have been of interest mainly in effective theories
of superstrings [1, 3], where the first examples of universal forms
come from.
2 Besides universality of Yang-Mills plane waves coupled to appro-
priate plane-wave metrics [1], not much was known for a general
nonabelian case.
Section III thus deals with universal solutions of the
full Einstein-Yang-Mills (EYM) theory. These are, in
particular, resistant to all higher-curvature corrections
emanating from rather general action S specified in Sec-
tion II. Such corrections to the EYM theory appear most
notably in the context of the string theory, where, apart
from the gravitational corrections, nonabelian general-
ization of the Born-Infeld Lagrangian also emerges in the
string effective action [11]. But they appear in a variety
of other contexts as well, such as Yang-Mills hierarchies
[12] proposed as a natural higher-dimensional analogues
of the Yang-Mills theory or various non-minimal exten-
sions of the EYM theories [13, 14].
In a nutshell, the main result (Theorem 2) can be
stated as follows: An Einstein-Yang-Mills field (gµν , Aµ)
with a nonvanishing curvature Fµν is immune to any
higher-order corrections of S if and only if both fields
are V SI and satisfy
RµρσλR
ρσλ
ν = 0, TrDρFµσD
ρF σν = 0. (1)
More insight into the nature of these solutions can be
gained by employing the characterization of V SI met-
rics and V SI gauge fields3 provided in [15, 16] and [10],
respectively. In particular, g belongs to a subclass of
Weyl type III and Ricci type4 N Kundt metrics and A
possesses a null field strength F . Both fields are then
aligned with a recurrent null vector ℓ, being thus a geode-
tic null vector with zero twist, shear and divergence. All
(g,A) immune to higher-order corrections thus consist of
plane-fronted gravitational and Yang-Mills waves propa-
gating in flat spacetime along the common recurrent wave
3 Full characterization of V SI gauge fields was obtained for the
case of a compact and semisimple gauge group. For a gen-
eral finite-dimensional gauge group, the corresponding conditions
were proved to be sufficient, although they may not be necessary.
4 In four dimensions, these correspond to Petrov type III and
Petrov-Plebaski type O. For higher-dimensional algebraic classi-
fication of the Weyl and the Ricci tensors, see e.g. review paper
[17].
2vector. Consequently, coming back to issue of metrics
with vanishing gravitational corrections, solutions pre-
sented in [9] and here demonstrate that some non-pp-
wave metrics enjoy this property even in the presence of
suitable matter fields. However, in contrast with the vac-
uum case, once a massless scalar field, p-form or gauge
field is present, recurrence of the wave vector turns out
to be mandatory.5
After employing adapted coordinates and restating
conditions (1) in terms of the field’s coordinate compo-
nents, we are able to provide explicit form of the fields
(section III A). The line element takes the form (4) while
the gauge field can always be cast in the form (5) by a
suitable gauge transformation. The fields are then sub-
ject to equations (6) - (8). We observe that these solu-
tions generalize nonabelian plane waves coupled to grav-
itational pp-waves6 discovered in [18]. Those coincide
with Weyl type N subclass of solutions with a gauge field
(5) having functions f(u) and fi(u) bounded, in which
case ℓ is necessarily covariantly constant, and thus a null
Killing vector.
Lastly, some consequences beyond EYM theories are
discussed. We observe that the approach of [9] and of
this paper can be straightforwardly carried over to more
general second-order theories of coupled gravity, gauge
fields and forms. This is demonstrated in section IV on a
particular example - the bosonic part of 10D heterotic
supergravity [1, 19]. In analogy with the pure EYM
case, we conclude that supergravity solutions consisting
of V SI fields and subject to quadratic conditions analo-
gous to (1) are again immune to any polynomial higher-
order corrections to EOM. These solutions are closely
related to Gu¨ven’s plane waves [1] with vanishing het-
erotic string α′ corrections, as they consist of the same
dilaton, axion and Yang-Mills field but admit a broader
class of metrics possessing a recurrent null vector ℓ. In
particular, also non-pp-wave backgrounds are included,
albeit these don’t preserve supersymmetry [20] as ℓ fails
to be a Killing vector in this case [21]. The subset of solu-
tions having half of the supersymmetries unbroken then
corresponds to solutions with Weyl type N metrics. The
issue of α′ corrections for the extended class of solutions
is briefly addressed at the end of section IV.
II. HIGHER CORRECTIONS TO
EINSTEIN-YANG-MILLS
Let g be a Lorentzian metric on a spacetime manifold
of dimension D > 2 and let A denote a gauge field asso-
ciated with a compact and semisimple gauge group. We
5 The corresponding quadratic condition of type (1) fails to be
compatible with null matter fields aligned with a nonrecurrent
null vector. See Remark 3.2 of [9] and the discussion following
Proposition 1 in section III.
6 The solutions of [18] are four-dimensional, but can be straight-
forwardly extended to arbitrary dimension.
consider a rather broad class of theories describing their
(possibly nonminimal) interaction and for which the field
equations take the form of the EYM equations corrected
by higher-order terms. More precisely, any admissible
action for g and A takes the form
S =
∫
dDx
√−g
16π
{
R−2Λ− κ0
2
TrFµνF
µν+LHC
}
, (2)
where κ0 is a coupling constant, F ≡ dA − i[A,A] and
LHC is the part of the Lagrangian representing higher-
order corrections to the EYM theory. LHC is assumed
to be an analytic function of scalar polynomial invariants
constructed from the Riemann tensor R, its covariant
derivatives of arbitrary order, the field strength F and its
gauge covariant derivatives of arbitrary order. Moreover,
its Taylor series consists strictly of monomials of order7
greater than two, ensuring thus higher-order nature of
the corrections to the second-order EYM Lagrangian.
For the sake of further discussion, one may decompose
LHC into the individual corrections Lg,LA and Lint to
gravity, gauge theory and their possible nonminimal in-
teraction8, respectively:
LHC ≡ Lg(R,∇R, . . . ) + LA(F,DF, . . . )
+ Lint(R, F,∇R,DF, . . . ),
(3)
giving rise to actions Sg, SA and Sint associated with the
corresponding type of corrections in LHC . Here, ∇ and
D = ∇ − i[A, ·] denote the metric compatible, torsion-
free covariant derivative and gauge covariant derivative,
respectively.
III. SOLUTIONS WITH VANISHING
CORRECTIONS
Now that theoretical setting for generalizations of
EYM theories is established, we can discuss conditions
under which the individual types of corrections asso-
ciated with LHC vanish and thus complete discussion
started in [10], where only corrections ∼ δSA/δAµ to the
Yang-Mills equation for test gauge fields were considered.
In full theory (2), a spacetime reacts to the pres-
ence of a gauge field via the stress-energy tensor, within
which the standard Yang-Mills stress-energy tensor re-
ceives higher-order corrections emanating from the met-
ric variation δSA/δg
µν . First, by considering suitable
forms of Lagrangian LA, an observation analogous to the
one in [9] can be immediately made:
7 Following terminology of [22], by order of a tensor, we mean the
total number of derivatives of the metric and the gauge potential
involved, cf. also [9].
8 Lint consists of all the terms involving mixed invariants and
hence cannot be put neither in Lg nor LA.
3Proposition 1. Any gauge field Aµ, for which all higher-
order corrections δSA/δg
µν of S to the Yang-Mills stress-
energy tensor vanish, is necessarily V SI.
In particular, F is a null field strength living in a degen-
erate Kundt spacetime g and propagates along a geodetic
null vector ℓ with zero shear, twist and divergence [10].
By the same token, the requirement of vanishing grav-
itational corrections δSg/δg
µν constricts g to be V SI
[9]. This means that the degenerate Kundt spacetime g
(which is in general of Weyl and Ricci type II [23]) needs
to be further restricted to Weyl and Ricci type III in or-
der not to suffer any gravitational corrections. At this
moment, it is worth noting that once both g and A are
V SI, all possible corrections δSA/δA
µ to the Yang-Mills
equation already vanish due to Theorem 4.5 of [10].
However, neither g nor A being V SI is sufficient for
the other types of corrections to vanish as counterex-
amples can be easily constructed. In fact, the require-
ment of vanishing variations of RµνR
µν and the Gauss-
Bonnet term yields further nontrivial restrictions on V SI
Einstein-Yang-Mills solutions - these are precisely the
conditions (1). To be more precise, the first condition of
(1) is nontrivial only in D > 4 as it originates from the
metric variation of the Gauss-Bonnet term, which van-
ishes identically in D = 4. The second condition of (1),
which is related via the Einstein equation to the variation
of RµνR
µν , turns out to be very restrictive on geometry
of the solutions for two reasons. Firstly, in conjunction
with the V SI condition for A, it causes the curvature F
to be constant over the gauge fields’s wave fronts (as will
be seen in section III A). Secondly, it requires the wave
vector ℓ to be recurrent - only then the condition can be
satisfied by a nonvanishing null Yang-Mills curvature, cf.
also remark 3.2 of [9].
We have thus seen how the V SI property and the
quadratic conditions (1) naturally arise solely from the
requirement of vanishing corrections to the Einstein
equation. Interestingly enough, once these necessary con-
ditions are met, any other possible corrections associated
with Sg, SA or Sint already vanish, arriving thus at the
main result
Theorem 2. Let (gµν , Aµ) be a solution of the Einstein-
Yang-Mills theory with a nonvanishing field strength Fµν .
Then, all higher-order corrections of S to the Einstein-
Yang-Mills equations vanish for (gµν , Aµ) if and only if
both fields are V SI and satisfy conditions (1).
Indeed, employing identities (2.10), (2.11) of [10], Lem-
mas B.6, B.7, D.3 and D.8 of [9] can be straightforwardly
extended to Yang-Mills curvature F . The proof of the
sufficient part of the theorem can be then carried along
the lines of proofs of Theorems 3.1 and 3.4. We thus refer
the reader to [9] for any technical details.
Let us conclude the section with a few remarks. Firstly,
note that Theorem 2 holds true even for minimally cou-
pled theories (with Lint = 0) as corrections associated
with Sint were not needed to conclude (g,A) have to be
V SI and subject to the conditions (1). Moreover, solu-
tions immune to higher-order corrections exist only for
theories (2) with Λ = 0 (recall that both fields are V SI).
Let us also note that, while A is a special case of univer-
sal Yang-Mills fields of [10], g belongs to the class of the
so-called almost universal metrics introduces in [24]. In
particular, g is an example of TNS metrics (as defined in
[24]) with ∇ρ∇ρRµν = 0 and can be related to appropri-
ate recurrent Ricci-flat universal metric gU of [5] via the
generalized Kerr-Schild transformation g = gU +2Hℓ⊗ ℓ
with a suitable function H [9]. In the Weyl type N case,
g can be, in fact, always related by such a transformation
to the Minkowski metric, being thus a Kerr-Schild space-
time (see remark 4.2 of [9]). Significance of such Kerr-
Schild Kundt metrics in the context of generic gravity
theories has been previously recognized in [25].
A. Explicit form of the solutions in adapted
coordinates
From Section IV of [9] and Section 3.1 of [10], we con-
clude that, in a suitable gauge, local form of a general
Einstein-Yang-Mills solution of Theorem 2 in adapted
Kundt coordinates (r, u, xi) with r being the affine pa-
rameter of the corresponding Kundt vector ℓ = ∂r can
be expressed as
ds2 = 2
(
rH(1) +H(0)
)
du2 +2du
(
dr +Widx
i
)
+
(
dxi
)2
,
(4)
Aµdx
µ =
[
fi(u)x
i + f(u)
]
du, (5)
with i, j = 2, . . . , D − 1 and H(0), H(1),Wα being func-
tions of u and xj only. These are then subject to the
following constraints
W[i,j]kW
[i,j]k = 2W m[k,m] W
[k,n]
n , (6)
H
(1)
,j =W
k
[j,k] , (7)
∆H(0) = 2H
(1)
,kW
k +H(1)W k,k +Wm,u
m
+W[m,n]W
[m,n] − κ0Tr fif i,
(8)
where ∆ is the Laplace operator in the flat transverse
space. Indeed, a V SI metric satisfying the correspond-
ing Einstein equation and subject to RµρσλR
ρσλ
ν = 0
takes the form (4) subject to (6), (7) and (8) [9], while
the gauge freedom enables one to set Ar, Ai, Au,r = 0
in the case of V SI gauge field A [10]. The condition
TrDρFµσD
ρF σν = 0 then reduces to Fui,j = 0 (and con-
sequently Au,ij = 0), arriving thus at (5) with f and fi
being arbitrary Lie algebra-valued functions of u.
The above solutions are in general of Weyl type III and
the vector ℓ is recurrent. In four dimensions, type III so-
lutions with a null gauge field were first considered in [26],
4containing the above solutions as a special case. The pp-
wave (∇ℓ = 0) subclass is characterized by H(1) = 0. In
D = 4, this subclass is necessarily of type N and coincides
(for f and fi bounded) with solutions discovered in [18].
In higher-dimensions, the metrics are in general of type
III, while type N subset is recovered by H(1) = 0 = Wi
(it is thus a proper subset of pp-wave solutions in D > 4).
Equations (6), (7) are then automatically satisfied, while
(8) reduces to Poisson equation
∆H(0) = −κ0Tr fif i. (9)
Type N solutions are thus a higher-dimensional general-
ization of the ones in [18]. Finally, Weyl type O (con-
formally flat) solutions correspond to the Weyl type N
subcase with
H(0) = −κ0Tr fif
i
2(D − 2)
∑
j
(xj)2. (10)
See the discussion of Section IV in [9] for more details.
IV. CONSEQUENCES BEYOND
EINSTEIN-YANG-MILLS
It is not hard to see that approach of [9] can be just
as well applied to richer theories involving a spacetime
metric, gauge fields, scalars and p-forms. For the sake of
definiteness, let us illustrate it on a particular example of
a theory encompassing all these fields - the bosonic part
of D = 10 heterotic supergravity [1, 19]
S =
∫
d10x
√−g
2κ2
(
R− κ
2
2φ
F aµν F
aµν
− 2
φ2
∂µφ∂
µφ+
3κ4
φ2
HµνρH
µνρ
)
.
(11)
Due to Gu¨ven’s work [1], exact plane wave solutions of
(11) are known to be immune to any possible heterotic
string α′ corrections and, in particular, to all polyno-
mial higher-order corrections to the field equations con-
structed from the ”field strengths” R, F,∇φ,H and their
derivatives of arbitrary order. These plane waves consist
of:
(g) 10D metric (4) with H(1),Wi = 0 and H
(0)
quadratic in xi;
(A) gauge field (5) associated with SO(32) or E8 × E8
gauge group;
(φ) dilaton φ = φ(u);
(B) 2-form B = bi(u, x
j)dxi ∧ du with bi linear in xj ;
See equations (10)-(14) and (17) - (20) of [1].
A. Extending the class of solutions immune to
higher-order corrections
Based on the discussion in [9] and above, the conclusion
of vanishing higher-order corrections to the field equa-
tions can be extended to any Ricci-nonflat9 V SI solution
(g,A, φ,B) of (11) such that the following tensors vanish
RµρσλR
ρσλ
ν , TrDρFµσ D
ρF σν ,
∇ρ∇µφ∇ρ∇νφ, ∇ρHµσλ∇ρH σλν .
(12)
Solutions just described consist of Gu¨ven’s plane wave
fields A, φ and B coupled with a more general metric g
given by (4) and satisfying appropriate modification of
the Einstein equation (8) (the equation (13) of the next
section). Whether all heterotic α′ corrections remain zero
even for this broad class of solutions remains an open
problem.10 The main obstacle in applying the approach
of [9] arises from the fact that the string effective action
(as well as the supersymmetry transformation rules) re-
ceives corrections involving torsionful spin connections11
Ω± = ω ± H and their curvatures R±, where the ax-
ion curvature H acts as a torsion to the Levi-Civita spin
connection ω. The torsion then enters Ricci and Bianchi
identities as well as other geometrical relations heavily
involved in proving the auxiliary results needed for the
general recurrent case.
However, we will argue that at least certain types of α′
corrections still vanish. Firstly, corrections to H at the
order α′ are given by the Yang-Mills and Lorentz Chern-
Simons forms ωYM and ωL, respectively [1, 30]. One can
easily verify that both ωYM and ωL stay zero for the
extended class of solutions and consequently H = dB re-
mains exact to all orders in α′. In turn, connections Ω±
receive no corrections either. Then, due to the nice be-
havior of H , the fields R, F,∇φ,H and even R± remain
V SI with respect to both types of derivatives ∇ and
∇± (associated with Ω±) in the sense that both types
of derivatives are allowed in the construction of scalar
polynomial invariants. We thus conclude that all correc-
tions to (11) in the on-shell string effective action vanish.
Similarly, any form at least quadratic in ∇φ, F,H or in-
volving their derivatives (∇ or ∇±) vanishes as well as
any form constructed from R,R± and their derivatives
of arbitrary order. Therefore, all α′ corrections of this
nature to dilaton, axion and Yang-Mills equation neces-
sarily vanish as well.
9 In fact, it is sufficient to assume that at least one of the fields
Ric, F,∇φ,H does not vanish.
10 The situation is completely different once we restrict to pp-wave
metrics, in which case a variety of well-known results is available,
see e.g. [27, 28] and references therein.
11 These are the so-called anomaly-related corrections [29] needed
in order to restore supersymmetry broken after inclusion of Yang-
Mills and Lorentz Chern-Simons terms in the effective action via
the Green-Schwarz anomaly cancellation mechanism [30].
5B. Explicit form of the solutions
In coordinates (r, u, xi), i = 2, . . . , 10, of section IIIA,
this class of solutions corresponds to Gu¨ven’s solutions
above with the plane wave metric replaced by a more
general metric (4) satisfying (6) and (7). This metric
together with plane wave fields A, φ, B are then subject
to a single Einstein equation
∆H(0) = 2H
(1)
,kW
k +H(1)W k,k +W
2
[m,n]
+Wm,u
m − 2(φ′/φ)2 − κ2φfai fai + 36κ4φb[i,j]b[i,j]
(13)
with κ2φ ≡ κ2φ−1. The rest of the field equations of the
action (11) is automatically satisfied. We thus end up
with plane waves A, φ,B coupled with a broader class of
spacetime metrics with nonvanishing H(1),Wi and with
H(0) whose dependence on the transverse coordinates is
restricted only by the Einstein equation (13).
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